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ABSTRACT 


In  this  paper  a  new  construction  of  the  Bergman -Whittaker  operator 
is  presented.  Another  operator,  which  transforms  functions  of  two 
complex  variables  into  harmonic  functions  in  three  variables  is  intro¬ 
duced  along  with  its  Inverse  operator.  A  theorem  connecting  the  sing¬ 
ularities  of  analytic  functions  with  those  of  harmonic  functions  is 
given  with  an  illustration.  These  methods  are  extended  to  a  class  of 
singular  hyperbolic  equations. 


I.  Introduction 


Harmonic  functions  in  three -variables  may  be  generated  by  means 
of  the  Bergman -Whittaker  integral  operator ,  £,  Lil  ,  which  maps  analytic 
functions  of  three  variables  H(X).^^^ 


t  >  [-  (X,  -*  X^l  *  X,  v  (x.^X^l, 


|x-x*l\  <  «,  x i. (x„ Xv, ><,) ,  x's 


(1) 


where  £  is  a  closed  differentiable  arc  in  the  ^  -  plane,  and  6  >  O 
is  sufficiently  small. 

Certain  classes  of  harmonic  functions  in  three -variables  may 


be  generated,  however,  by  an  operator  which  maps  functions  of  a  single 
complex  variable.  For  instance  the  Bergman -Soranerf  lied  operator  , 


H«y-  sasi  ,  s,ts>  $ 


Ax 


(2) 


where  X  is  either  an  open  or  closed  curve  in  the  ^  -  plane,  and  the 
are  real  functions  of  ^  ,  etc.. 

It  is  of  interest,  in  the  study  of  analytic  properties  of 
harmonic  functions  in  three  variables  to  have  different  operators 
available.  The  reason  for  this  is  that  by  using  different  operators 
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we  are  frequently  able  to  transplant  some  other  properties  of  analytic 
functions  for  certain  classes  of  harmonic  functions.  In  this  paper 
we  shall  introduce  several  new  operators  for  harmonic  functions  in 
three  variables  and  study  some  of  their  properties. 

II.  A  New  Derivation  of  the  Whittaker -Bergman  Operator 


DirA^rsi 

In  previous  works  the  Whittaker -Bergman 
b3W  has  been  obtained  by  various  methods.  We  shall  present 
somewhat  different  approach  by  first  introducing  the  kernel. 


operator 
here  a 


^1  o 


(2.1) 


which  converges  for  j  |  <  I  ,  S  ?  0  .  Nov$  if 

we  define  the  analytic  function  of  two  complex  variables,  £  (S,  , 

and  the  harmonic  function  of  three  variables,  V  (r,  ©,  ,  as  follows, 

«%  *tv 

I  D  ,  ls/<  t  ,  1-t  , 

^*0  (2.2) 


and 

* 


*t\ 


p: 


(2.3) 


*  The  OS') 


are  associated  legendre  functions 
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Then,  one  has  formally,  that 

V(^, »,  [  h  f  42  K  (r,  we,  li!  ){»-■«) 

II  J  "5  J  5  &  A 

/tU| 


(2.4) 


Recalling  the  generating  function  for  the  spherical  harmonics 

-v 

f 


Mb} 


-I 


i  y  *  (  CM  O  e 


(St) 


(2.5) 


(where  X,**'*-*****  ,  Xw»  ^  ^  A  X  %  »  f  tot  6  ), 

we  see  that,  providing  j  £-j  <  |  >  one  has 

*  U*  **•*  4r)  *  -hr  ■ 


(2.6) 


Consequently,  if  we  choose  1 1 1  <  £_ 

a. 

have 

N(t*  ]  JT  \  Bt1** 


then  by  the  Cauchy  formula  we 


4 L ' 


lsi«i 


(2.7) 


This  is  the  Whittaker -Bergman  operator  defining  a  harmonic  function  in  the 


small  of  the  origin. 

III.  An  Operator  which  Generates  Harmonic  Functions  H-.ving  Certain  Symmetry 
Properties 

As  in  the  last  section  we  shall  introduce  a  kernel  hy  which  one 
may  generage  harmonic  functions  as  integral  transforms  of  analytic  functions 
in  two  variables.  For  instance,  let 

*0  ->Y%  ^ 


K,  ( 5  •  .  $)  *  I  I  Ch!  ItY  T , 

•n«o  -v»o  Vr/  K't  J 


(3-D 


if  is  defined  in  the  bi-cylinder  ^  I  S|  ^  *  »  1^1  ^ 


•Q  VV 


(3.2) 


A*  0  >ri  »  o 


one  has  by  the  Cauchy  formula  for  several  variables,  that 

oo  n  * 

coidj  e  Y  X  *»V  rn  ,  (3.3) 

t»*o  >'*o  (*>n)' 


has  the  Integral  representation, 
\T(-r,  »-J_  f 


K,(^,<w.e3  ^ji(s,s)dt. 

r (3.4) 


l$M  KM 


In  order  to  sum  K,  (.  ■£  »  04%^  ^5"  )  >  consider  the  gener¬ 

ating  function  for  the  Legendre  polynomials^ 

oo 


I 


4-'Tv')  v  0 


*  I  W*  *  5 


(3.5) 


v.  r  i 

and  differentiate  m-times  with  respect  to  I  j  we  obtain 

±ii s . r*  d^.  p, h\  =  y  (-i? 

/  x  \  ->v\-* '/»_  L — ,  is» 

V - lT-f  +-  rx  J  d* 


(3.6) 


since 


df* 


(i\^ 

Now,  if  we  multiply  both  sides  by  ,  and  sum  from  o  to  *o 

over  m,  (replacing  r  by  r/s  ),  one  has* 

X”' 


go  _ -  or 

1  y  MriJHL_\ 

f]-  £*■  L-  \  1  (S  *■-  f  M*'V 


S  "  )»|iO 

tf 

V*  *  •  Y\  s.  «v\ 
OQ  "f' 


o  -  o 


(3.7) 


*  We  may  rearrange  orders  of  summation  since  the  series  is  absolutely 
convergent. 
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Consequently, 

K>  (■?  * 


s 

ij  sv  - -».t- 5 'S +•  >rv 


* 


Vrt  V-f- 
*(sv-xrS  t+r4) 


S1"-  vrS?  +  ^ 

-lrS-J»«-v)+nr»VMF 


(3.8) 


providing 


■^(  S'  -  lr5J 


4  I 


,  which  for  tyl*  |^|«  |s)»  I, 


is  satisfied  for  l  ^  1  ^  V3  •  We  may  then  continue  analytically  for 
values  of  T  ,  such  that  )  f  I  >  V3  •  Consequently,  the  representation 
(3.^)  may  be  expressed  as 

S  -J—  r  Jj  (  FCS4^jVx-ir  s  3  »•  T^~  # 

4TT,*J  t  J  'SfsS-a.rsS  +rv)  +*irS  “(/-** 

ISI-V  Wi\*l  V  4  . 

in  a  sufficiently  small  neighborhood  of  the  origin;  in  Cartesian  coordinates 


(3*9)  has  the  form, 


1  --C  * 


* 


r 


•fo* 


Jf^rX 


u 

a 


H(x,jX>,  x5) 
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.jf  ^  f  u  FCvOjx**  xj-tfo-sy- 


(3.10) 


It  is  possible  to  find  an  integral  representation  for  (3.3), 
however,  in  terms  of  Just  a  single  Cauchy  integral.  We  return  to  (3.6), 
multiply  by  (V^  >  replace  ~r  by  '*'/%  ,  and  then  perform  a  contour  inte¬ 
gration  over  \  *\*  I  j 


P^co-i* 

f\ 


XT  t 
\*\*i 


f  TV  ds 

J  L*(|-  1-jplEtL  Vl|%'--irS'!+<-‘’,(3‘'Ll) 


K>/  ^  . 


This  suggests  that  we  consider  the  function  of  two  complex -variables 

«o  A. 


T  1  Q,„  s~9>~ 

Vts  O  7H*0 


,  where 


s0-li  •*+£) 


~  -S  (Xi^t  Xy^) 

*,x+  xi*  t-  c*3-&y 


(3.12) 
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One  then  has  formally,  that 


Ji* 


\*\»\ 


^x.N-x'  +  (xa-^v 


(3.13) 


where  O'  is  defined  by  (3.12).  We  shall  refer  to  the  integral  repre- 

* 

sentation  (3.13)  as  the  operator,  -fST  Cf3  ,  and  to  F(s,«0 
as  the  -  associate  of  HO)  ,  2  *  Cx„X..^  . 

One  interesting  application  of  the  integral  operator  method 
is  that  one  may  transplant  certain  properties  of  analytic  functions  into 
properties  concerning  solutions  of  partial  differential  equations.  This 

cl  r-’v  D  PlW 

has  been  done  in  the  case  of  the  operator,  ,  by  Bergman  , 

ICreyBzlg  ,  Gilbert  ,  and  White  .  We  state  here  a  theorem 

concerning  the  singularities  of  the  harmonic  function  -  element,  which  is 

defined  in  the  small  of  the  origin  by  (3-13);  the  proof  is  similar  in  struc- 

OOMPA 

ture  to  an  earlier  one  by  the  author 
Theorem  I» 

Let  ^  be  the  singularity 

manifold  of  ,  then  the  harmonic  function -element  defined  by 

Huv  tftn  is  regular  at  all  points  X  »  such  that 

[  E^«o}n  f  *  °Yi  ^  x,‘*x.*-**) . 


(3.14) 
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If  ^C.  ^  CXj-  t')  ^  D  >  ,  then  the  only  sing¬ 
ularities  of  the  integrand  occur  for  $)-£>  .  From  an  earlier  result 

of  the  author  ^  it  follows  that  singularites  of  HCS)  may  occur  for 

^  £  ^  °*il  .  If  \»  o  (which  means  o*  »  oo  ) 

singularities  may  also  occur  for 


Illustration:  Let  P  (  S,  **)  = 


s  -  &» 


,  then  if  o  , 


we  may  express  the  singularity  manifold  of  f  (S,<>0  ,  as, 

+  (X;s)s  a  >  (3.15) 


Eliminating  S  between  ^  s')*  0  and 


yields 


A*  *  E  ^(*."0  +  K  4  x3v  *  O  }  0  £  {  (x , ♦■0%  (Xv  +  i)*o| • 


(3.16) 


The  possible  singularities  of  HCX") 


then  must  lie  on 


Hl*  A1  U  t{x,"-  +  Xi  ] 

(real  three -space)  is 


.  The  restriction  of  K  to  R 
E  |  ^is  ~'/i  ,0  J  Xj.s0  *4  ^3*  arbitrary  realj. 
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IV.  An  Inverse  Operator  for  'in- 

In  order  to  construct  an  integral  transform,  which  maps  the 
harmonic  function, 


0  7y\-  0 


•o  * 

back  onto  its  |  3  -  associate, 


«b 


Fl:-)  =  I  I  0^  *' 


A  a  ©  »  *  0 


we  first  introduce  the  kernel, 

»o  -w 


(4.1) 


From  the  orthogonality  property  of 


DS3 

the  associated  legendre  functions. 


J  PT'U)  (!)  — <*i22i  , 


(4.2) 


J 

i 
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one  has  formally,  that 


-i 


(4.3) 


We  now  investigate  the  series  expression  for 
and  proceed  to  do  this  in  a  purely  formal  manner.  We  first  split  Kk  (!i  jf,  —  'j 
into  two  parts. 


Tt  =  O 


•o  n 


+  IZ 


Hr|  "»•»«  I 


n 


(4.4) 


rv. id  yy  (iiia Mrf rsu^y  jt 

r--»T  J.  L-  L  U  /  J  —  ’ 


A*» 


wtore  B(t.O*-  r(f>r(K)  ,  f  Jt  ,  when  ft.  (.VO  ,R||>0. 

run)  ~ Jo 


We  consider  the  sum, 

•o  -w 


s(ttp)  - 

•n*  o  x  •  o  n 

*r\  A.  p  =  3  C  i  - 


In)  fc 


**  m  *1 


(4.5) 


■It 
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sinee  one  has 


rh 


T 


It®  r' 

*■!  -Mai  C*n-»)l 


v»o 


(4.6) 


In  order  to  formally  sum  (4.5)  we  consider  the  formula 


Z  P»j> 

n*»n 


=  (Dn^iK-i^tl-  fr*-  P**  0^1  ,„?ls 


which  may  he  obtained  by  differentiating. 


oo 


.  sx.  =  £  C«tOt'P,W  ,  |*|<  s 


Xa  O 


5=  -~^{U  t  t r *■- >V/v ) ^  • 


(4.7) 


(4.8) 


with  respect  to  T  ,  m-times.  By  summing  (4.7)  with  respect  to  m 
from  o  to  oft  ,  and  interchanging  orders  of  summation  we  have 

sf'M.f)  ■  f  Z  l— 1 1*  p"  ( f)  r’*' 

^  *  0  vv»  w\  ^  « 

=  ilijd  7  ferhiil:  r 

(i -  2.*v f  +  *,B0  *•  6»oi  ^ 


(4.9) 


i: 


By  means  cf  the  Iiegenire  duplication  formula  we  may  reduce  the 

on  the  right-hand  side  of  (4.9)  as  follows. 


(a  ^  »i  )1 

(mOV  i* 


-t-  Q 


=  ^2*  r 

fir  w  l 


Consequently,  whenever 


jlpjjZE- 


<  » s  0 


; 


Slt.-S.f) 


^  (  i  -  TcM _ 


+  (■-?-) _ 

(i  -  vrLl  - 


Consequently, 

T  T  *'  E'ftlf'  _  '3-'ef“  0-V)fi7ji 


coefficients 


(4.10) 


ve  have 


(4.1l) 


(4.12) 


and 


i 

W  (u.  c  \  rfr1--  uv)  ^  i,  tJ  i.*.**^  ,p- - -  f  (*"0  *■-  Ult  )  ott 


(4.13) 


where  ^  ^  "r  —  {TT^  ,  h  »  -  *•  «*r  ( |  i-  -L  fTTp  ^  f  C  =  rV  ur'pTjT  , 


If  we  rewrite  K.  (  —  »  f  .  —  ^ 

r  h  / 


as 


r  ♦, 


r  f  +  luvvwd-oif'.n'ti  i . 

8  1  TTFTbt 7Ty£  r  ’ 


then  the  inverse  operator  has  the  representation, 


-I 


+i  i 


(4.1*) 


However,  it  is  possible  to  evaluate  by  means  of  the  elementary 

C'*J  ’ 

integrals,  which  we  list  below  : 


r 


■wv. 


T 


*/». 


clt 


.  i.**  —  ( 

A  (»\)  ^ _ 

y  */w 


■IS  • 


-  =<  _U- 

3  CL  T3/v 


f 


at 

T=/i 


J 


(A. 15) 


where  Ata)  =  ’  ^yr')~  ~&lz2)k.  ,  and 


D  £-"0  *  ~  ^1-Ofl  . 

(■^-4)  a 


Using  (4.15)  we  obtain  f  Q-'OC^*  kV*  ) 

f  Jo  ~]-Sh. 

I 


4-  -i-  f  jL  (ft+V,)  -  la  (4*  t  -  |>V  \  -C^  ^ 
■J.**  ^  Uv 


at 

'o  Tr/t 


(4.16) 


and.  v  on s  e  qua  n4: 1 v 


*av  be  expre;?  sed  i-.  verms  of  (4.l6)  as 


V .  A  Partial  Differential  Equation  in  Three  -Tar  s  able  s  which  Is  Related  to  t-h» 
G.A.S.P.T.  Equation 


We  may  mate  a  natural  extension  of  the  operators  introduced  in  the 


previous  sections  if  ve  consoler  -he  generating  function  for  the  ultra-spherical 
harmonics  (Gengenbauer  polynomials ) , 


eo 

_ l _  «  y  r- 

-irTtrvT  1- 


Tv»  O 


(\  -  i  r  f  T  rv') 

g  .  ( s h O"’- H • 


.  *  > 


■  <  s  . 


(5.1) 


We  differentiate  this  expression  with  respect,  to  5  >  m-times,  and 


make  use  of  the  identity 


c«l 


—  c >  - WT  c ^  JD  ; 

a  p 


(5.2) 


one  obtains 


X  +  M.  yv 
T 


r(M-)  (-o"'  _  T  c  (j) 

r/i)  (nr!.rr  ' 


b»rv^ 


(5.3) 


■17 


Summing  .-.ver  m  f c  v  ,  and  invert;! r*g  the  ■cler  of  summation  on 


the  right-hand  side  ve  have.. 


oo  *n> 

V7  V*  v'l 


V  £P.tw\  _ —  =  )  V  Z.'  £  v»u 

„  P(vW  V  +  r'~)>'*'n  J-*  ~  *>(  *-'*> 


<TA. 


KVl  a  0 


h*0  >  »  B 


C- 


v  r 


_/ _  y  rp*> 

L.  v  n 

*  >  -»n  *  0 


rfu»)  r  -rj 


/Y).)  L  X(l--Lrftr 


,T 


(5.4) 


We  shall  new  show  ■♦hat  the  functions 


(*»  /» 0  =  r  ^  (s)*  (>l«6,l,...;ii|.6,l,l)->n) 

>1*  ^  T 

(5.5) 


7  i  r  -4b*> yv, 


•  satisfy  the  partial  differential  equation. 


L  M  "  4r ut  +  3z  Uk  ~  7*ay  t 


(5.6) 


where 


P. 


U.  ,W1  = 


y 


of  Generalized  Axially  Symne+ric  P*.  tenia,  ai  Theor ,v  (>A 


W  -  f 


First  we  notice,  t-h&+ 

!  *  A  V)  + 

y 


**V  ->w 


>v*Vv 


<« 


differential  operator 

CM&O  * 


satisfies 


Wv  =  JL 
T  r 


^  v  I  fv  L  ». 


(5.7) 


Then,  since  W  =.  pd  ,  we  realise  that  the 

must  satisfy 

y^  L  E  u -  *->*  1  ^  t  >n  u  , 

A  (5.8) 

and  the  class  of  function 

6)ir*V*v.  J  "h  *  o  ;*,*■) - ^ 

-rv  L  l«."\  »  a-t  J  ld_  +  t  2-  /t  ik'\  ^rxt  .  (5.9) 

»■*  st?T  tt  t-  s?)  2 * 

When  we  transform  to  Cartesian  coordinates,  this  becomes  (5.6). 

*The  concept  of  frac'  tone.-. -i.i went icnul,  potential  theory  was  first  introduced 
by  A.  Weinstein  . 


rmt'i 

L  m  -*v%  4 

satisfy  the  partial  .differential  equation 


V'.r,a*  -re  rv,.. 


which  will  nrarviorr.  ?.-ir+? ti.-n?. 


rv-dice  ar,  .■  vgrai  operator 


>  •.*!»}.  ie.i  vat  :afc  l- 


'J.w. 


^  r  i 


1  "K  1n\. 


•n=  o  ■y^  *  0 


onto 


solution*.  «.c,'  the  partial  ii:. fere- nil  a.L  jca1  l/ci  ($.6^, 


oo  -y\. 


X+*'^  .  -L**' 


«wy,*)sV(<-,v)=  ^  -r'  C „ ft)  A-  i 


n«o  ^ * » 


>l*vvx  *  * 


hy  irvr.rcd-5ci.r_g  a,.-  the  esr.vravrg  ajc; 


V  *  *  *>t  ■*  w»-  1 


(5.10) 


and  writing 


■3[f1 


a? . 


Ut^l  -  -_!_ 


-  J_ 

4F1- 


-  J-f  J  K.(f.t.ftr(w)4|. 


1^1  *€\ 


The  solution,-.  v(<-,  ? ,  tft  are  defined  in  the  snail  of  the  origin;  however, 

they  nay  he  continued  hy  defcrmlng  the  contours  of  integration  in  the  usual 

r*it*a 


manner 
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We  make  a  few  concluding  remarks  about  the  process  of  inverting  the 
double  summations  over  m  and  n  ,  vhich  vere  used  in  this  and  the  proceed¬ 
ing  sections  to  find  a  closed  form  for  the  generating  kernels.  We  recall, 
first,  that  the  generating  function  series  expansion  for  the 
are  valid  for  all  complex  y*  ,  such  that  )  r  |  C  \  ?  t  lY*j . 

(  Fw  X,  y  ntal  j  f  i  |  }  \T  |  <  |  )  The  double  series  in  (5.3) 

may  be  considered  for  each  fixed  J  as  representing  an  analytic  function 
of  the  two  complex  variables  which  converges  uniformly  and  abso¬ 

lutely  in  a  suitably  small  bi-cylindrical  neighborhood  of  the  origin  in  com¬ 
plex  Tj  t  space .  Since  we  have  absolute  convergence  in  this  bi-cylinder 


for  a  double  power  series,  we  may  interchange  orders  of  summation  there,  and 


either  summation  yields  the  same  analytic  function  of  two  complex  variables 
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